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Introduction

"Data has shape, and shape has meaning."

Prof. Gunnar Carlsson
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Introduction

Figure: The data taken from SCOPUS
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Introduction

Questions answered

1. What are the similarities and
differences between hierarchical
clustering and 0-th persistent
homology?

2. What is the difference from the
persistence barcode?

3. What about higher dimensional
persistent homology?

4. What are the experiments on
real datasets?
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Hierarchical Clustering

Hierarchical Clustering

Unsupervised machine learning algorithm

Aim: divide the data set into disjoint subsets such that
homogeneous in cluster
heterogeneous between clusters

The metric structure of ambient space
from data set.

A nice tree-based representation, called a
dendrogram
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Hierarchical Clustering
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Hierarchical Clustering

Cophenetic Matrix
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Hierarchical Clustering
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Hierarchical Clustering

Compare Dendrograms

Two Dendrograms
Two cophenetic matrix

Mantel Test
Non-parametric Test

Like correlation coefficient

Mantel statistic r ∈ [−1,1]

Tanglegrams
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Entanglement values ranges 0 and 1.
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Hierarchical Clustering

Silhouette scores

Silhouette scores

s(x) = b(x)−a(x)
max(a(x),b(x)) ,

a(x) = d(x ,U(x)) and b(x) = min
C ̸=U(x)

d(x ,C).

Tekirdağ İstanbul Balıkesir Manisa İzmir Konya Antalya
Tekirdağ 0
İstanbul 132 0
Balıkesir 379 390 0
Manisa 511 529 141 0
İzmir 506 564 176 35 0
Konya 794 662 551 534 550 0
Antalya 850 718 505 428 444 322 0
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Points Cohesion Separation Silhouette
Tekirdağ 132 465.3 0.72
İstanbul 132 494.5 0.73
Balıkesir 158.5 384.5 0.59
Manisa 88 428 0.79
İzmir 105.5 444 0.76
Konya 0 322 1
Antalya 0 322 1
Overall silhouette score is s ≈ 0.80
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Topological Data Analysis

Simplicial Technology

k−simplex

0-simplex
vertex

1-simplex
edge

2-simplex
triangle

3-simplex
tetrahedron

Simplicial complex

Simplicial complex Not simplicial complex
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Topological Data Analysis

Point Cloud to Complex

Čech Complex

Cε =
{

σ ⊆D |
⋂

x∈σ

Bε(x) ̸= ∅
}
, Bε(x) = {y | d(x ,y) < ε}

Vietoris Rips Complex
Rε = {σ ⊂D | ∥x −y∥ ≤ ε, for all x ,y ∈ σ}

D Cε
Rε
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Topological Data Analysis

Example: A Simplicial complex K

v0

v1

v2
v3

v4

v5

C0 ={v0,v1,v2,v3,v4,v5},

C1 =
{[v0,v1], [v1,v2], [v2,v0], [v2,v3],

[v3,v4], [v4,v5], [v3,v5]}
,

C2 ={[v3,v4,v5]}.

0 C2 C1 C0 0∂3 ∂2 ∂1 ∂0

Homology
The kth homology group of K is defined by

Hk(K ) := ker(∂k)⧸im(∂k+1)

β0 = dim(ker(∂0))−dim(im(∂1)) = 6−5 = 1

β1 = dim(ker(∂1))−dim(im(∂2)) = 2−1 = 1
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Topological Data Analysis

Vietoris-Rips Filtration

Filtration of a simplicial complex K is a collection of subcomplexes K = {Kε : ε ∈ R+} that
satisfy Kε1 ⊆ Kε2 whenever ε1 ≤ ε2.

β0 = 50
β1 = 0

↪→

β0 = 1
β1 = 1

↪→

β0 = 1
β1 = 1

↪→

β0 = 1
β1 = 0
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Topological Data Analysis

Persistent Homology and Barcodes
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Topological Data Analysis

Persistent Homology
Filtered Vietoris-Rips complex

Rε1 ↪→ Rε2 ↪→ ··· ↪→ Rεi ↪→ ··· ↪→ Rεj ↪→ ··· · · · ↪→ Rεmax

After applying the homology functor,
Hk(Rε1)→ Hk(Rε2)→ ··· → Hk(Rεi )→ ··· → Hk(Rεj )→ ··· → Hk(Rεmax )

For every pair εi ,εj
ψ

k
εi ,εj : Hk(Rεi )→ Hk(Rεj )

Definition
The k−th persistent homology group is

PHk := imψ
k
εi ,εj .

Go Forward
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Topological Data Analysis

Persistent Homology - Big Picture

Data

Topology

Algebra

Combinatoric

Point Cloud P ⊂ Rd

Simplicial Technology

K : R→ TopTopological Spaces (Filtration)

M: R→ VectVector Spaces (Persistence module)

Homology

B: R→MchIntervals (Persistence barcode)

Structure Theorem
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Theoretical Contributions

Relation between homology classes

How do we connect points ?
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Theoretical Contributions

Relation between homology classes

How do we connect points ? Rank = 3

Rank = 3

Rank = 3
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Theoretical Contributions

Homological Distance

1 Given a point cloud P, construct the Rips Complex

Rε(P) = {σ ⊂ P | ∥x −y∥ ≤ ε, for all x ,y ∈ σ}

2 Rε1 ⊆ Rε2 for a given pair ε1 and ε2 values with ε1 ≤ ε2
3 For the pair ε1 ≤ ε2 we have the natural map in homology,

ψ
k
ε1,ε2 : Hk(Rε1)→ Hk(Rε2)

4 Take two cycles α, β ∈ Hk(Rε1)
5 α ′ := ψk

ε1,ε2(α) and β ′ := ψk
ε1,ε2(β ) by padding α and β with suitable number of 0’s.

Ismail Guzel (İTÜ) Ph.D. Thesis March 13, 2022 19 / 33



Theoretical Contributions

Homological Distance

Add α ′, β ′ and α ′,β ′ together to the differential matrix D t at ε2.

Calculate rank of the differential matrices.

Check whether ψk
ε1,ε2(α) and ψk

ε1,ε2(β ) are linearly dependent.

Homological Distance
k-th homological cophenetic distance Dk(α,β ) between homology classes α and β is defined
as

inf
{

η− ε ≥ 0 | ψk
ε,η(α),ψk

ε,η(β ) non-zero and lin. dep.
}

Ismail Guzel (İTÜ) Ph.D. Thesis March 13, 2022 20 / 33



Experimental Contributions

Experiments

A synthetic point cloud
D ∈ R2 and |D|= 20 ,

Uniform distribution over [0,1),

Labeled with the first 20 letters.

Input: A point cloud D, |D|= 20 and
a list ε = {ε1 = 0,0.05, . . . ,0.95,εmax = 1}.

Output: Dendrograms
begin

HomDist = [ ]20×20
Rε (P)←− Vietoris-Rips filtration ;
for each ε do

for every αi ,αj ∈ H0(Rε ) do
HomDisti ,j ←− inf{ε |check lin. dep.} ;

end
end
E(D)←− EuclideanDist(D);
Dend1 ←− HierarchicalClustering(HomDist(D)) ;
Dend2 ←− HierarchicalClustering(E(D)) ;
Compare(Dend1,Dend2)

end
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Experimental Contributions

Two dendrograms with single-linkage
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Experimental Contributions

Tanglegram with the entanglement of 0.01
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Experimental Contributions

Barcode and Enriched Barcode
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Experimental Contributions

Turkish Cities and Mantel Statistics

24 Türkiye cities
Single-linkage
Different metrics
Dendrograms

Metrics Bray-Curtis Cosine Manhattan Euclidean Minkowski Homological
Bray-Curtis 1.00 0.64 0.96 0.90 0.90 0.90
Cosine 1.00 0.61 0.52 0.69 0.59
Manhattan 1.00 0.96 0.87 0.97
Euclidean 1.00 0.75 0.98
Minkowski 1.00 0.78
Homological 1.00
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Experimental Contributions

Datasets

Table: Datasets used and their properties.

Dataset #Instances #Attributes Supervised #Classes
Turkish Cities 82 2 No -
Iris 150 4 Yes 3
Cancer Coimbra 116 10 Yes 2
Synthetic (total separation) 100 100 Yes 4
Synthetic (with mixture) 100 2 Yes 4
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Experimental Contributions

Silhouette Scores

Synthetic Perfect Synthetic Mixed
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Experimental Contributions

Silhouette Scores

Cancer Coimbra Iris
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Experimental Contributions

A comparison of metrics on Mixed Synthetic datasets.

Synthetic Dataset
Metric F1 Acc. Hom. Comp. M.Info Rand
Bray-Curtis 1.00 A 1.00 A 1.00 A 1.00 A 1.38 A 1.00 A
Cosine 0.83 A 0.91 A 0.72 C 0.77 S 1.38 C 0.87 A
Manhattan 1.00 S 1.00 S 1.00 S 1.00 S 0.99 S 1.00 S
Euclidean 1.00 A 1.00 A 1.00 A 1.00 A 1.38 A 1.00 A
Minkowski 1.00 C 1.00 C 1.00 C 1.00 C 1.38 C 1.00 C
Homological 0.98 A 0.99 A 0.95 A 1.00 S 1.31 A 0.98 A
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Experimental Contributions

A comparison of metrics on Cancer datasets.

Real Dataset
Metric F1 Acc. Hom. Comp. M.Info Rand
Bray-Curtis 0.56 S 0.56 S 0.02 A 0.14 S 0.02 A 0.50 S
Cosine 0.55 C 0.55 C 0.01 S 0.12 S 0.01 S 0.50 C
Manhattan 0.53 S 0.53 S 0.02 A 0.13 A 0.02 A 0.50 S
Euclidean 0.54 W 0.54 W 0.02 A 0.13 A 0.02 A 0.50 W
Minkowski 0.53 S 0.53 S 0.02 A 0.13 A 0.02 A 0.50 S
Homological 0.61 W 0.61 W 0.03 W 1.00 S 0.02 W 0.52 W
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Experimental Contributions

BAP, TÜBİTAK, Michigan State University, Other Works

BASARIM2022 SIAM Data Mining: TDA, ML
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Experimental Contributions

Future Work

On this thesis
Apply real-world dataset for the first degree of homology.
Visualization tools for the first degree of homology.
Apply to the categorical dataset.
Deal with problems about computational power and memory.

Other tasks
Relation between Lyapunov exponent and persistent homology
Two dimension bifurcation and CROCKER
Classification Alpha-stable processes via TDA
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Experimental Contributions

Seperation of complex

Chain Complex
A chain complex of a simplicial
complex K is a sequence of abelian
groups or modules Ck connected by
homomorphisms ∂k : Ck → Ck−1 such
that ∂k−1 ◦∂k = 0 for k ∈ Z.

... Ck+1 Ck ...
∂k+2 ∂k+1 ∂k

∂kσ =
k

∑
i=0

(−1)i [v0,v1, . . . , v̂i , . . . ,vk ]
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Experimental Contributions

Homology and Betti Number
The kth homology group of a simplicial complex K is defined by

Hk(K ) := ker(∂k)⧸im(∂k+1).

The dimension of the kth homology group of K is called the kth Betti number βk(K ).
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Experimental Contributions

Well-defined Persistence barcode

Persistence modules

V1→ V2→ ··· → Vr → ·· · → Vs → ··· → Vn

Decompose persistence module into interval modules,

0→ 0→ ··· → 0→ Z2→ ··· → Z2→ 0→ ·· ·0

A persistence module V indexed by T ⊂ R is q− tame if for any v < s in T , the rank of
the linear map v s

r : Vr → Vs is finite.
If V is a q− tame persistence module, then it has a well-defined persistence barcode.

Go Back
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Experimental Contributions

Combinatoric Possibilities
Check whether ψk

ε1,ε2(α) and ψk
ε1,ε2(β ) are linearly independent by evaluating the rank of

the differential matrix D at ε2 with appending α ′, β ′ and α ′,β ′ together.

rα :=rank(Dα)− rank(D)
rβ :=rank(Dβ )− rank(D)

rα,β :=rank(Dα,β )− rank(D)
with the following cases:

α and β both die if rα,β = 0,
α and β both live if rα,β = 2,
α dies and β lives if rα,β = 1 and rα = 0,
α lives and β dies if rα,β = 1 and rβ = 0,
α and β merge if rα,β = 1, rα = 1 and rβ = 1.
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Experimental Contributions

Matroids

Definition
A partially ordered set is defined as an ordered pair P = (X ,≤).
Here, X is called the ground set of P and ≤ is the partial order of P

Definition
A matroid M = (S,I) is a finite ground set S together with a collection of sets I⊂ 2S

satisfying
Downward closed: A ∈ I and B ⊆ A⇒ B ∈ I
Exchange property: A, B,∈ I and |B|< |A| ⇒ ∃x ∈ A\B such that {x}

⋃
B ∈ I.
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Experimental Contributions

Matroids

Terminology
Independent set: I ∈ I

Circuit: Minimal dependent set of M

Basis: Maximal independent set of M

Span: Basis B and B ⊆ I⇒ I is a spanning set.

Ground set V: set of vectors spanning Rd

Independent set I: bases of Rd in V

Matroid: (V,I)
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Experimental Contributions

The Rank Function of a Matroid

Definition
Let M be a matroid on a finite ground set E . The rank r(X ) of a subset X ⊆ E is the
cardinality of the largest independent set contained in X . In other words

r(X ) = max{|A| ∈ N | A⊆ X and A ∈I }
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Experimental Contributions

Cobordisms

For two linearly independent pair of homology classes α and β in H1(Rε), one can see ψ1
ε,η(α)

and ψ1
ε,η(β ) are linearly dependent in H1(Rη). We, then, visualize that two classes α and β

merged at time η .

α

β

[α,β ]

Figure: Cobordism in the merging case from S1⊔S1 to S1 representing two cycles α and β evolve in
[α,β ] from ε to η .
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